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Under normal circumstances, I would have 
given this lecture “in real life”

…but these are not “normal circumstances”

1

Computer “measurements”

1. What and what not ?

2. How ?

Daan Frenkel, U Cambridge
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Simulations are used to predict observable 
properties, or to test theoretical predictions 

To this end, we must measure observables 
in simulations. 

Measurements in a computer simulation 
resemble experimental measurements:

3

• We have to prepare a sample,
• We have to decide on the best measuring technique,
• We  have to accumulate enough data,
• and we should analyse the effect of possible systematic 

and statistical errors in our results.

For these reasons, we use the word measurement to 
refer to the calculation of an observable, mainly for lack 
of a better word

4
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It is easy to spend an entire course on 
simulation measurements.

So this lecture will only present a few 
(important) examples. 

Even so, I will run out of time, but 
please feel free to ask/comment. 

5

We discuss Classical simulations, based on the 
formulation of Statistical Mechanics in 1902, i.e. 
before Quantum Mechanics was developed.

Gibbs never used, nor needed Planck’s constant.

Therefore: Planck’s constant can never appear in any 
observable that is computed classically.

First a general comment:

(Question: so how about the de Broglie thermal wavelength Λ ?)

6
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Also: the indistinguishability of identical quantum 
particles is irrelevant for an classical calculations… 

Not even for the factor 1/N! in the partition function?

No, not even for that. 

7

Where does the factor N! come from? 

8
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The Gibbs Paradox

9

What do the textbooks say?

10
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LANDAU & LIFSHITZ
footnote

11

Van Kampen
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“Usually, Gibbs’ prose style conveys his meaning in 
a sufficiently clear way…”

“… using no more than twice as many words as 
Poincaré or Einstein would have used to say the 
same thing”

“But occasionally he delivers a sentence with 
a ponderous unintelligibility that seems to 
challenge us to make sense out of it…”

ENTER JAYNES:

13

“Again, when such gases have been mixed,
there is no more impossibility of the
separation of the two kinds of molecules in
virtue of their ordinary motion in the
gaseous mass without any especial external
influence, than there is of the separation of
a homogeneous gas into the same two parts
into which it has once been divided, after
these have these have once been mixed”

GIBBS’s SENTENCE:

14
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N1,V1,T N2,V2,T

Two systems of `identical’ dilute colloidal 
solutions in equilibrium (low-fat milk).

15

Zdist(N) = V N

Zcombined(N1, V1, N2, V2) = V N1
1 V N2

2 ⇥ (N1 + N2)!
N1!N2!

Treat as gas of N labeled but otherwise identical particles

Now:  two such systems with N1 and N2 particles. In 
equilibrium, we can distribute the particles over the two 
systems in any way we choose (with fixed N1 and N2).

NOTE: 
1. all particles are different (they just have identical properties 

– e.g. monodisperse colloidal spheres)
2. Zcombined is not extensive. Not even in quantum mechanics. 

ln Z is not 
extensive

16
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✓
@ lnZc

@N1

◆

N

=
@ lnZ1/N1!

@N1
� @ lnZ2/N2!

@N2
= 0

When the two systems are in equilibrium, the partition function 
is maximal with respect to variations in N1 (dN1=-dN2).

Therefore, as soon as we are computing the chemical 
potential, we MUST include the factor N!, also for labeled 
particles.
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Zc(N1, V1, N2, V2)
(N1 + N2)!

=
Z1

N1!
Z2

N2!

ln
✓

Zc(N1, V1, N2, V2)
(N1 + N2)!

◆
= ln

✓
Z1

N1!

◆
+ ln

✓
Z2

N2!

◆

Conveniently, the partition function of the 
combined system then factorizes

and hence the free energy F = -kT ln (Z/N!) is extensive.

18
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…and, of course, really indistinguishable 
particles (e.g 4He atoms) can never be 
distinguished, not even in principle. 

Hence, exchanging them also does not lead 
to a different macroscopic state. 

19

Experimental measurements: we look at the 
response of a macroscopic instrument.

Simulation measurements are usually VERY 
different: 

We relate the observable to the coordinates and 
momenta  of the particles that we can read out 
from our simulation.

HOW ?

That is the subject of this 
lecture.

20
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First the easy ones

Density: number of particles per unit volume

ρ = (N/V)

21

First the easy ones

Temperature (question: how is it defined?): :

Use equipartition

Kinetic energy K of a system with f degrees of 
freedom is  
K = f  (kBT/2)

But what is f ?

In a closed system, f = N d - 1

But in a periodic system, f = (N-1) d -1  (why ?)

22
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Computing transport coefficients from 
an EQUILIBRIUM simulation.

How?

Use linear response theory (i.e. study decay of 
fluctuations in an equilibrium system)

Linear response theory in 3 slides:

23

Consider the response of an observable A due to 
an external field fB that couples to an observable B:

For small fB we can linearize:

For simplicity, assume that

24
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Hence

We can measure the “susceptibility” of an observable A, 
to an applied field couple to B by measure the static 
correlation of A and B.

25

Now consider a weak field that is switched off at t=0.

fB

DA

0
t

26
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Using exactly the same reasoning as in the static 
case, we find:

The time-dependent response of A to a field that is 
switched off at t=0, is determined by the time-
correlation function of A and B

27

Simple example: computing the mobility of a particle

B(0) = x(0) =
´ 0
�1 vx(t)dt

<latexit sha1_base64="SQYWkj4Dg+F4ave722Ee/z+x/xo="></latexit>

A(0) = vx(0)

<latexit sha1_base64="ALlikLcgiA19fiuM706p1pnrLSM="></latexit>

< vx(0) >= �fx
´ 0
�1 dt < vx(t)vx(0) >

<latexit sha1_base64="3AmmjWqNX1aOAJMCxTY2xf5SgLI="></latexit>

< vx(0) >= �fx
´ +1
0 dt0 < vx(0)vx(t0) >

<latexit sha1_base64="c19+WhseioXyUNmXYU7R1dGNDNg="></latexit>
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Simple example: computing the mobility of a 
particle

Experiments measure mobility m

<latexit sha1_base64="BhqiuqRwIRfPAdU8C4BoWFvTXCA="></latexit>

< vx >= mfx

<latexit sha1_base64="Rrr0hAHWCpdZbkTXOeIrraOyrx0="></latexit>

Hence:

m = D/kBT = �
´1
0 dt < vx(0)vx(t) >

<latexit sha1_base64="ouCTXRK2hOjXHQwhDD5+2k9/Z2Q="></latexit>

(Einstein relation. [ questions ?])

29

Now the Macroscopic diffusion equations
Fick’s laws:

(conservation law)

(constitutive law)

30
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Combine:

Initial condition:

Solve:

31

Compute mean-squared width:

32
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Integrating the left-hand side by parts:

33

Or:

This is how Perrin measured the diffusion 
coefficient of Brownian particles

34
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35
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(“Green-Kubo relation”)

But we already derived this, using linear 
response theory (with        = D/kBT)m

<latexit sha1_base64="BhqiuqRwIRfPAdU8C4BoWFvTXCA="></latexit>
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Illustration:102 Chapter 4. Molecular Dynamics Simulations
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Figure 4.6: (left) Mean-squared displacement as a function of the
simulation time . Note that for long times, varies linearly with .
The slope is then given by , where is the dimensionality of the system
and the self-diffusion coefficient. (right) Velocity autocorrelation function
v v as a function of the simulation time .
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Figure 4.7: Mean-squared displacement as a function of time for the
Lennard-Jones fluid ( , , and ); comparison of
the conventional method with the order- scheme .

time steps between two samples because of lack of memory. With the order-
scheme the calculation could be extended to much longer times with no

difficulty. It is interesting to compare the accuracy of the two schemes. In the
conventional scheme, the velocities of the particles at the current time step
are used to update the mean-squared displacement of all time intervals. In

WARNING: Diffusion coefficients have very large 
finite-size effects (that only decay as 1/N1/3 ) 
[question ?]
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Other examples of Green-Kubo relations: 
shear viscosity

39

Other example: thermal conductivity

40
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Other example: electrical conductivity

41

Sampling observable quantities:

Example 2: the radial distribution function g(r)
g(r) = the average density at distance r from a particle, 
divided by the bulk density. In an ideal gas, g(r) = 1

42
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What could be simpler than computing a 
radial distribution function?

g(r)

r

The noise is determined by Poisson statistics.

Just make a histogram of the densities 
as a function of distance

43

Can we do better?

Yes

D. Borgis et al. Mol Phys 111, 3486 (2013)
D. de las Heras & M.  Schmidt, Phys Rev 
Lett 120, 218001 (2018)

44
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g(r) =
1

N⇢

ˆ
dr̂

*
NX

i=1

NX

j 6=i

�(r� rij)

+

<latexit sha1_base64="vi2QLgp6Fmck9wq9ZviBKKSO2eg="></latexit><latexit sha1_base64="Q9FMWX3rG+/1hqStQk0DnmW04x8="></latexit><latexit sha1_base64="Q9FMWX3rG+/1hqStQk0DnmW04x8="></latexit><latexit sha1_base64="bBVXT/fvEOhoh1yDDNmby0jJqO4="></latexit>

We start from:

�(r� rij) = � 1

4⇡
�r

1

|r� rij |
<latexit sha1_base64="YcRYI7uLyI4++iG7qNy55Tjcp2w="></latexit><latexit sha1_base64="uNj86Dmz57ETEE535YIuc8209IE="></latexit><latexit sha1_base64="uNj86Dmz57ETEE535YIuc8209IE="></latexit><latexit sha1_base64="5tmiJu4yn7k/z6Zn1yWFtzeAryY="></latexit>

Now, note that:

45

rrie
��U(rN ) = �Fie

��U(rN )
<latexit sha1_base64="uJD4YF3gG/KGMoYDRWE1tBQu5RM="></latexit><latexit sha1_base64="kHXmZJUO+yg3cEBdDuX8zk6/qLM="></latexit><latexit sha1_base64="kHXmZJUO+yg3cEBdDuX8zk6/qLM="></latexit><latexit sha1_base64="V+Yh9uy2OLbwuQ95cZSnIjTK848="></latexit>

rr = �rri = +rrj
<latexit sha1_base64="vIhdsxJWju/bcXfgJ/uw5VwPfdc="></latexit><latexit sha1_base64="Yt9ZX7Zq8bwOKyTNAp9/3szxBv8="></latexit><latexit sha1_base64="Yt9ZX7Zq8bwOKyTNAp9/3szxBv8="></latexit><latexit sha1_base64="90uul8GbCVmRIj30tf8/gLG1ods="></latexit>

Integrate by parts, using

and 
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g(r)� 1 ⌘ h(r) =
��

N4⇡⇢

ˆ
dr̂

*
NX

i=1

NX

j 6=i

rij � r

|rij � r|3 · 1
2
(Fi � Fj)

+

<latexit sha1_base64="Me8rkJ2I2ssVJbhDbgz91WuEAmY="></latexit><latexit sha1_base64="WUnh/MWEqA8+cdZCIdTCo4GzdE4="></latexit><latexit sha1_base64="WUnh/MWEqA8+cdZCIdTCo4GzdE4="></latexit><latexit sha1_base64="4pW/FZTcridqERSlXrRXYHi+uPs="></latexit>

We then obtain:

But 
ˆ

dr̂
rij � r

|rij � r|3
<latexit sha1_base64="CULLJ8JagNL8r3dclFIGluovyS8="></latexit><latexit sha1_base64="CyN1cykJmzEDqj7YIWWHI6TEoaw="></latexit><latexit sha1_base64="CyN1cykJmzEDqj7YIWWHI6TEoaw="></latexit><latexit sha1_base64="taIKqKNzPTZmPdCmB9uRuh9yIuw="></latexit>

is like the field at rij due to a unit charge uniformly
distributed over a sphere around the origin, with 
radius r.

rij

r

47

ˆ
dr̂

rij � r

|rij � r|3 =
rij
r3ij

✓(rij � r)
<latexit sha1_base64="dDHqhmaie/NdPmmY7HCGkaxXiLs="></latexit><latexit sha1_base64="rfQw1n3sj8SPRw//Ctyu54TH6o4="></latexit><latexit sha1_base64="rfQw1n3sj8SPRw//Ctyu54TH6o4="></latexit><latexit sha1_base64="wMVyh71A9KrowqcktqZFpT/E9fs="></latexit>

Hence:

h(r) =
��

N4⇡⇢

*
NX

i=1

NX

j 6=i

1

2
(Fi � Fj) ·

rij
r3ij

✓(rij � r)

+

<latexit sha1_base64="+vx+RBTlxG1JpoFL0FSIN0+9myc="></latexit><latexit sha1_base64="uUObxuSEXuLEx3kQ34XXXclpBrU="></latexit><latexit sha1_base64="uUObxuSEXuLEx3kQ34XXXclpBrU="></latexit><latexit sha1_base64="fETR7XrmoZcFpCe4ANjPDIb2RWQ="></latexit>

and therefore

NOTE: we do not assume pairwise additivity
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Molecular Physics 3487

canonical ensemble. The pair distribution function (or ra-
dial distribution function, RDF) between molecules of type
a and b is defined as

gab(r) = εab

4πr2

〈
Na∑

i=1

N ′
b∑

j=1

δ(r − rij)

〉

, (1)

where εab = (1 − 1
2δab) V

NaNb
, rij = rj − ri , and rij = |rij|.

The prime in the second sum indicates that i = j should
be excluded in the case a = b. This function is generally
computed through histograms with bins of finite width, $r,
replacing the δ-function by 1

$r
h$r (r), where h$r(r) is the

characteristic function equal to 1 between r and r + $r
and 0 otherwise. This statistical estimation is of infinite
variance as $r → 0 since the instantaneous density in each
bead oscillates between 0 and O(1/4πr2$r).

Accounting for the rotational invariance of Equation
(1), the pair distribution can be also expressed as

gab(r) = εab

4π

∫
d!

〈
Na∑

i=1

N ′
b∑

j=1

δ(r − rij)

〉

, (2)

with ! = r/r . Following the ideas of Assaraf et al. for
electron densities [14,15], use can be made of the Poisson
equality to replace the 3D δ-function

δ(r − rij) = − 1
4π

$ri

1∣∣∣r − rij
∣∣∣
. (3)

Insertion of the Laplacian with respect to either ri or rj in
the canonical average and integration by part yields (after
symmetrisation)

hab(r) = −βεab

4π

∫
d!

〈
Na∑

i=1

N ′
b∑

j=1

rij − r

|rij − r|3
· 1

2
(Fj − Fi)

〉

,

(4)
where hab = gab − 1.

Using the Gauss theorem for the electric field cre-
ated by a uniformly charged sphere of radius r at the
location rij,

∫
d!

rij − r!

|rij − r!|3
=

rij
r3
ij

H (rij − r), (5)

with H the Heaviside function, we get from Equation (4)

hab(r) = −βεab

4π

〈
Na∑

i=1

N ′
b∑

j=1

1
2

(Fj − Fi) ·
rij
r3
ij

H (rij − r)

〉

.

(6)

This is a key formula of this work. Compared to the standard
histogram procedure, it now involves the force acting on the
particles in addition to their positions. It also implies a quite

Figure 1. Radial distribution function obtained for a single equi-
librated configuration of a Lennard-Jones liquid composed of 864
particles using either the force approach, Equation (6), or the
standard histogram technique, with a grid spacing $r = 0.005σ .
The dashed blue line indicates the converged result after 10,000
simulation steps.

different numerical procedure. Here, for each configuration,
every particle pair contributes to all distances r < rij instead
of just to r = rij. Furthermore, application of the formula
requires a pre-defined grid but does not necessarily imply
the limit of infinitely small grid separation, $r → 0. The
only requirement is that the chosen grid, not necessarily
regular, is adapted to cope with the variations of the pair
distribution at all distances.

The new procedure is illustrated in Figure 1 for the
RDF, g(r), of a pure Lennard-Jones fluid composed of
864 particles at a reduced density ρ∗ = 0.8 and reduced
temperature T ∗ = 1.35, computed by molecular dynamics
simulation. We have displayed the RDF computed from one
single equilibrated configuration using either histograms or
Equation (6) and we compare those ‘instantaneous’ curves
to the converged result after 10,000 time steps. In both ap-
proaches, we used the same regular grid with $r = 0.005σ .
It can be seen that the curve obtained by Equation (6) is al-
ready very smooth and quite close to the final converged
result. The histogram curve does contain the converged one
within its fluctuations but appears very noisy. This is further
illustrated in Figure 2 where we plot the variances

v(r) = 1
T

∑

t

gt (r)2 −
(

1
T

∑

t

gt (r)

)2

(7)

obtained after T = 1000 simulation steps; gt(r) is the ‘instan-
taneous’ pair distribution function measured at step num-
ber t. It can be verified that the variance measured with the
‘force’ approach is indeed much reduced with respect to the
histogram approach and appears independent of the chosen

Free lunch ?

49

More impressive: works for very short ab-initio MD runs

3488 D. Borgis et al.

Figure 2. Variance on the value of the radial distribution function
depicted in Figure 1 after 1000 simulation steps using either the
force approach, Equation (6), or the standard histogram technique,
with a grid spacing !r = 0.01σ (black and blue lines, respectively)
or !r = 0.005σ (cyan and red lines, respectively). The black and
cyan lines appear superimposed, as they should.

Figure 3. Oxygen–oxygen radial distribution function averaged
over 100 configurations extracted from a DFT–MD trajectory with
128 water molecules at ambient liquid conditions. The dashed
blue line indicates the converged result obtained by averaging
over 36,800 configurations.

grid size; the histogram method leads to a variance that is
inversely proportional to !r.

In Figure 3 is displayed the oxygen–oxygen radial dis-
tribution obtained from 100 configurations of a density-
functional-theory molecular dynamics (DFT-MD) simula-
tion of 128 water molecules at ambient thermodynamic
conditions with the Becke-Lee-Yang-Parr functional, after
preliminary equilibration. It can be seen that, even for the
relatively fine grid chosen and with a very limited number
of steps, the ‘force RDF’ is very smooth. It should also be
noted that, even if the agreement with the converged RDF is
already and overall very good after such a short trajectory,
one observes slight discrepancies, in particular in the height
of the first peak. At this stage, the force method is able to

improve the variance of the RDF, but does not correct for
the lack of statistics. Nonetheless, Figure 3 is meant to show
that it is certainly in the field of ab initio studies, where the
generation of the trajectories themselves is computation-
ally very expensive, that the force method described here to
compute the RDFs reveals its full potential, given that the
forces on the nuclei at each time step are readily available
from the simulations.

In order to gain some physical insight into the above
formula, one can write

H (rij − r) =
∫ ∞

r

dr ′δ(r ′ − rij). (8)

Replacing into Equation (6) and inverting integral and
canonical average, we get

ρbhab(r) = −β

∫ ∞

r

dr ′F (r ′) (9)

with the mean force density defined by

F (r) = ρbεab

4πr2

〈
Na∑

i=1

N ′
b∑

j=1

1
2

(Fj − Fi) ·
rij
rij

δ(r − rij)

〉

.

(10)

We are back to a histogram procedure, but for F(r) instead
of gab(r) directly.

Denoting by F̄ (r) the constrained (or conditional) mean
force at a given distance, F̄ (r) = F (r)/ρbgab(r), we get by
differentiation of Equation (9), and division by gab(r),

1
gab(r)

dgab

dr
= F̄ (r) = −β

dwab(r)
dr

, (11)

which is the definition of the potential of mean force (PMF),
gab(r) = exp (−βwab(r)). A fundamental difference of the
present approach with respect to standard PMF calculations
is the use of the force density F(r) instead of the mean
force F̄ (r). Equation (9) is thus reminiscent of the usual
PMF formula but not equivalent to it in practice. Here, the
integration of the force density F(r) yields gab(r) directly
rather than its logarithm, and this quantity is computed in
its integrality during the simulation, rather than step by
step using constraints or restraints on the a − b distance
as in usual PMF calculations. Note also that Equations (6),
(9) and (10) are rigorously equivalent only in the limit of
infinitely small grid size.

We note in passing that after Equation (4), a second
integration by part can be performed, yielding

ρbhab(r) = βεab

4π

∫
d!

〈
Na∑

i=1

N ′
b∑

j=1

1
2

( (i + (j )
1

|r − rij|

〉

(12)
with (i = βF2

i − !ri
U .

50



1/19/22

26

Scattering experiments and the structure factor:
The intensity of the scattered radiation (X-rays, neutrons, 
light …) with wave-vector q=2π/λ is proportional to
I(q) = <|A(q)|2> with:

A(q) ⇠
PN

i=1 bi(q)e
iq·ri

<latexit sha1_base64="0bQPlQJYpPHnHgYj3zMgjPPB3To="></latexit>

If b(q) is constant, we can factor it our and we get 

A(q) ⇠
PN

i=1 e
iq·ri =

´
dr

PN
i=1 �(r� ri)eiq·r

<latexit sha1_base64="5zMU6S1PQzpzXhNP8H6hwDkw0M8="></latexit>

⌘
´
dr⇢(r)eiq·r

<latexit sha1_base64="CaVUmS2T1JjwlK4RWS2Sx40JZmc="></latexit>

51

= 1
N

´
V

´
V dr dr0 [h⇢(r)⇢(r0)i� < ⇢ >2]eiq·(r�r0)

<latexit sha1_base64="cOvRGSCF4Ntn/1zoNlnB2zPMrLI="></latexit>

I(q) ⇠ S(q) = 1
N

⇥
h|⇢(q)|2i � |h⇢(q)i|2

⇤

<latexit sha1_base64="IXSlN+TJjy1TNrM8TvpKUUkxSmQ="></latexit>

In isotropic liquids: h⇢(r)⇢(r0)i ⌘ ⇢2g(|r� r0|)

<latexit sha1_base64="PZrGi46/uCd1PDvLxP5Pc2UDeDQ="></latexit>

S(q) = ⇢
´
V dr [g(r)� 1]eiq·r

<latexit sha1_base64="1WAcT2H/bEf6F+7g/FNHWgu3JbQ="></latexit>

And hence:

That looks great: we can determine the structure 
factor S(q) from g(r)

DON’T
52
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Always use:

S(q) = 1
N

⇥
h|⇢(q)|2i � |h⇢(q)i|2

⇤

<latexit sha1_base64="96HzswieWTFH06M515eh7c2RBak="></latexit>

Why ?

Because truncating g(r) in the Fourier transform  may 
lead to spurious oscillations (even negative values) of 
S(q)

53

Sampling observable 
quantities:

Pressure

54
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A = �kBT lnQ(N,V, T )
<latexit sha1_base64="L29p6+Vktr9i3NQwRROMHG/V+x4="></latexit><latexit sha1_base64="pghIcoYO4iVJ8ZLDQxIBee0cj4E="></latexit><latexit sha1_base64="pghIcoYO4iVJ8ZLDQxIBee0cj4E="></latexit><latexit sha1_base64="xqpZa8unizaKe5KbUAaHuZBijcU="></latexit>

Q(N,V, T ) = 1
⇤3NN !

´
drN exp[��U(rN )]

<latexit sha1_base64="EqlvAuIHHmR8wYmPB42Ja5om25c="></latexit><latexit sha1_base64="cRe7H91S0yoYQJcQE9x675UDhPQ="></latexit><latexit sha1_base64="cRe7H91S0yoYQJcQE9x675UDhPQ="></latexit><latexit sha1_base64="ZzOaC2+FgJ8Au4d5qNs/+FJdQWI="></latexit>

P = �
�
@A
@V

�
N,T

<latexit sha1_base64="XVQfMe0gtMAfUYjGx2USqiNxGzs="></latexit><latexit sha1_base64="hZ6MmgMsH7Ponl5fWxMh5sw7dOI="></latexit><latexit sha1_base64="hZ6MmgMsH7Ponl5fWxMh5sw7dOI="></latexit><latexit sha1_base64="gxqtW8JZV0UA5BykB7bv/x+mlNM="></latexit>

1. Thermodynamic relation:

2. Statistical mechanical relation:

With (for atomic systems):

55

Introduce “scaled” coordinates:

/i i L=s r

56
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Then:

57

<latexit sha1_base64="s7r5QW5sEhf6JDfo02gB0k17QGk="></latexit>

+
�
@U
@V

�
si,N,T
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�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>

�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>

�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>

59

For pairwise additive forces:

Then

�
D�

@U
@V

�
si

E

N,T

<latexit sha1_base64="t6Jwj0mUtRgFP3AdF3UnBjYLeIs="></latexit>
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i and j are dummy variable hence:

And we can write

61

But as action equals reaction (Newton’s 3rd law):

And hence

Inserting this in our expression for the pressure, 
we get:

Where

62
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What to do if you cannot use the virial
expression?

P = � @A
@V ⇡ A(V��V )�A(V )

�V
<latexit sha1_base64="s099lELWoMjqyJskAomnPB7on14="></latexit><latexit sha1_base64="l7OqfYczVRp7/1pCDGKa64CNWZs="></latexit><latexit sha1_base64="l7OqfYczVRp7/1pCDGKa64CNWZs="></latexit><latexit sha1_base64="KYpVRoeez4RuNzjGcnl/8kGa6iM="></latexit>

= �kBT
ln[Q(N,V��V,T )/Q(N,V,T )]

�V
<latexit sha1_base64="LBPZLaPTLcjLrWECoUUMqceY4dc="></latexit><latexit sha1_base64="6n9GLPTmyv1lit9yHenW5JJf+B0="></latexit><latexit sha1_base64="6n9GLPTmyv1lit9yHenW5JJf+B0="></latexit><latexit sha1_base64="18W6BGkzEzWbUij0McYTuWEpqM8="></latexit>

Use: 

�V ! 0
<latexit sha1_base64="q9KyeXpAdxH/zwcm9XIBGJ6v+Vk="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="jDsDlhlUOQQlos6hQ5rjDHUJZ20="></latexit>

�V ! 0
<latexit sha1_base64="q9KyeXpAdxH/zwcm9XIBGJ6v+Vk="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="fzJOGArz8yO+6GpQpo+pQLmssE4="></latexit><latexit sha1_base64="jDsDlhlUOQQlos6hQ5rjDHUJZ20="></latexit>

<latexit sha1_base64="nbWO/r9s9Tye/iU336pg3aW4xOY="></latexit>

P = �kBT
ln
D
(V ��V

V )Ne���U
E

�V

63
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